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1. INTRODUCTION
Let p(n) be the number of partitions of the positive integer n. Ramanujan
[7] discovered the congruences,
p(5n+4)#0 (mod 5), (1.1)
p(7n+5)#0 (mod 7), (1.2)
p(11n+6)#0 (mod 11). (1.3)
Elementary proofs for (1.1) and (1.2) due to Ramanujan can be found in
[4], but it was not until 1969 that the first simple proof of (1.3) of the
same nature as those for (1.1) and (1.2) was given by Winquist [9].
Winquist found and proved an identity that played an essential role in
proving (1.3), as Euler’s and Jacobi’s theorems did in Ramanujan’s proofs
for (1.1) and (1.2).
Later, it was shown that Winquist’s identity is a special case of the
Macdonald identities for affine root systems. For Macdonald identities and
their proofs, readers are refered to papers of Dyson [3], Macdonald [6],
and Stanton [8].
Carlitz and Subbarao [2] and Hirschhorn [5] found four-parameter
generalizations of Winquist’s identity.
In this note we give a short proof of Winquist’s identity by simply multi-
plying two pairs of quintuple product identities and adding them. To the
author’s knowledge, this is the simplest and shortest proof. Thus, a simple
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proof of (1.3) can be given by using only easily derived consequences of the
Jacobi triple product identity and the quintuple product identity.
2. PREREQUISITES
Let
(a; q) := ‘

n=1
(1&aqn&1), |q|<1.
We use the following version of the quintuple product identity.
For z{0,
:

n=&
q3n2+n(z3nq&3n&z&3n&1q3n+1)
=(q2 ; q2) (qz; q2) (qz; q2) (z2; q4) (q4z2; q4) . (2.1)
We also need Ramanujan’s theta function,
f (a, b) := :

n=&
an(n+1)2bn(n&1)2, |ab|<1. (2.2)
By Jacobi’s triple product identity, we have [1, p. 35]
f (a, b)=(&a; ab) (&b; ab) (ab; ab) . (2.3)
3. PROOF OF WINQUIST’S IDENTITY
Winquist’s identity is given in the following theorem.
Theorem (Winquist’s identity). For any nonzero complex numbers a
and b,
:

m=&
:

n=&
(&1)m+n q(3m2+3n2+3m+n)2
_(a&3mb&3n&a&3mb3n+1&a&3n+1b&3m&1+a3n+2b&3m&1)
=(q; q)2 (a; q) (a
&1q; q) (b; q) (b&1q; q)
_(ab; q) (a&1b&1q; q) (ab&1; q) (a&1bq; q) . (3.1)
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Proof. If q is replaced by &q and z=&ab in (2.1), we have
:

k=&
(&q)3k2+k ((&ab)3k (&q)&3k&(&ab)&3k&1 (&q)3k+1)
=(q2 ; q2) (abq; q2) (a&1b&1q; q2) (a2b2; q4) (a&2b&2q4; q4) .
(3.2)
Again, letting z=a&1bq in (2.1), we obtain
:

l=&
q3l2+l (a&3lb3l&a3l+1b&3l&1)
=(q2 ; q2) (a&1bq2 ; q2) (ab&1; q2) (a&2b2q2; q4) (a2b&2q2; q4) .
(3.3)
Multiply (3.2) and (3.3) together. The left-hand side of the product of (3.2)
and (3.3) is
:

k, l=&
q3k2+3l2+k+l(a3(k&l )b3(k+l )q&3k
&a3(k+l )+1b3(k&l )&1q&3k
&a&3(k+l )&1b&3(k&l )&1q3k+1
+a&3(k&l )b&3(k+l )&2q3k+1). (3.4)
Also, if q is replaced by &q and z=&abq in (2.1) and then both sides
are multiplied by &a, we have
& :

k=&
(&q)3k2+k(a(ab)3k&a(ab)&3k&1)
=(1b)(q2; q2) (ab; q2) (a&1b&1q2; q2) (a2b2q2; q4) (a&2b&2q2; q4) .
(3.5)
Letting z=a&1b in (2.1) and then multiplying both sides by a2 gives us
:

l=&
q3l2+l(a&3l+2b3lq&3l&a3l+3b&3l&1q3l+1)
=(a2&b2)(q2; q2) (a&1bq; q2) (ab&1q; q2)
_(a&2b2q4; q4) (a2b&2q4; q4) . (3.6)
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Multiply (3.5) and (3.6) together. The left-hand side of the product of (3.5)
and (3.6) is
& :

k, l=&
q3k2+3l 2+k+l(a3(k&l+1)b3(k+l )q&3l
&a3(k+l)+4b3(k&l+1)&4q3l+1
&a&3(k+l )+2b&3(k&l+1)+2q&3l
+a&3(k&l+1)+6b&3(k+l )&2q3l+1). (3.7)
Let k&l=m and k+l=n in (3.4). Then replace m by &m and n by &n
in the first and second summations and replace n by &n&1 in the third
and fourth summations of (3.4). Then (3.4) reduces to
:

m, n=&
m+n even
q(3m2+3n2+3m+n)2(a&3mb&3n&a&3n+1b&3m&1)
& :

m, n=&
m+n odd
q(3m2+3n2+3m+n)2(a3n+2b&3m&1&a&3mb3n+1). (3.8)
Next let k&l+1=m and k+l=n in (3.7) and then replace m by &m and
n by &n in the first, m by &m+1 and n by &n&1 in the second, m by
m+1 and n by &n in the third, and m by m+2 and n by &n&1 in the
fourth summation of (3.7). This leads to
& :

m, n= &
m+n odd
q(3m2+3n2+3m+n)2(a&3mb&3n&a&3n+1b&3m&1)
+ :

m, n=&
m+n even
q(3m2+3n2+3m+n)2(a3n+2b&3m&1&a&3mb3n+1). (3.9)
Hence the sum of (3.8) and (3.9) is the left side of (3.1).
On the other hand, by (2.3), the right-hand side of the product of (3.2)
and (3.3) is
(q2; q2)2 (abq; q
2) (a&1b&1q; q2) (a2b2; q4) (a&2b&2q4; q4)
_(a&1bq2; q2) (ab&1; q2) (a2b&2q2; q4) (a&2b2q2; q4)
=(q2; q2)2 (ab; q) (a
&1b&1q; q) (a&1bq; q) (ab&1; q)
_(&ab; q2) (&a&1b&1q2; q2) (&a&1bq; q2) (&ab&1q; q2)
=(ab; q) (a&1b&1q; q) (a&1bq; q) (ab&1; q)
_ f (ab, a&1b&1q2) f (a&1bq, ab&1q). (3.10)
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By (2.3), again, the right-hand side of the product of (3.5) and (3.6) is
a2&b2
b
(q2; q2)2 (ab; q
2) (a&1b&1q2; q2) (a2b2q2; q4) (a&2b&2q2; q4)
_(a&1bq; q2) (ab&1q; q2) (a2b&2q4; q4) (a&2b2q4; q4)
=&a(q2; q2)2 (ab; q) (a
&1b&1q; q) (a&1bq; q) (ab&1; q)
_(&abq; q2) (&a&1b&1q; q2) (&a&1b; q2) (&ab&1q2; q2)
=&a(ab; q) (a&1b&1q; q) (a&1bq; q) (ab&1; q)
_ f (abq, a&1b&1q) f (a&1b, ab&1q2). (3.11)
The sum of (3.10) and (3.11) is
(ab; q) (a&1b&1q; q) (a&1bq; q) (ab&1; q)
_[ f (ab, a&1b&1q2) f (a&1bq, ab&1q)&af (abq, a&1b&1q) f (a&1b, ab&1q2)].
(3.12)
Replacing a by &a, b by &a&1q, c by &b, and d by &b&1q in the
two identities of Entry 29, [1, p. 45], we find (3.12) is equal to
(ab; q) (a&1b&1q; q) (a&1bq; q) (ab&1; q)
_ f (&a, &a&1q) f (&b, &b&1q)
=(q; q)2 (ab; q) (a
&1b&1q; q) (a&1bq; q) (ab&1; q)
_(a; q) (b; q) (a&1q; q) (b&1q; q) ,
which is a rearrangement of right-hand side of (3.1). This completes the
proof.
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